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We theoretically investigate the electronic and transport properties of a semi-Dirac material under
the influence of an external time dependent periodic driving field (irradiation) by means of Floquet
theory. We explore the inelastic scattering mechanism between different side-bands, induced by
irradiation, by using Floquet scattering matrix approach. The scattering probabilities between two
nearest side-bands depend monotonically on the strength of the amplitude of the irradiation. The
external irradiation induces gap into the band dispersion which is strongly dependent on the angular
orientation of momentum. Although, the high frequency limit indicates that the gap opening does
not occur in an irradiated semi-Dirac material, a careful analysis of the full band structure beyond
this limit reveals that gap opening indeed appears for higher values of momentum (away from the
Dirac point). Furthermore, the angular dependent dynamical gap is also present which cannot be
captured within the high frequency approximation. The contrasting features of irradiated semi-Dirac
material, in comparison to irradiated graphene, can be probed via the behavior of conductance. The
latter exhibits the appearance of non-zero conductance dips due to the gap opening in Floquet band
spectrum. Moreover, by considering a nanoribbon geometry of such material, we also show that it
can host a pair of edge modes which are fully decoupled from the bulk, which is in contrast to the
case of graphene nanoribbon where the edge modes are coupled to the bulk. We also investigate
that if the nanoribbon of this material is exposed to the external irradiation, decoupled edge modes
penetrate into the bulk.
I. INTRODUCTION
In recent times, the research interests on externally ir-
radiated two dimensional (2D) Dirac material have grown
significantly in many aspects among the research commu-
nity. One of the remarkable aspect of this study lies in
the ability of irradiation to modulate the electronic band
structure and most importantly to generate topologically
protected conducting edge modes with insulating bulk in
2D electronic systems (Floquet topological insulator)1–10.
The experimental observations of light induced topolog-
ical insulating phase have also been reported11–13. The
importance of irradiation effects on 2D Dirac materials
are not only limited to engineering the Floquet topolog-
ical insulator, in fact it has also been proposed to mod-
ulate spin and valley degree of freedom in graphene14,
α-T3 lattice
15, MoS2
16 and emergence of Floquet edge
states in germenene17. Among the other applications of
periodic driving, tuning the thermoelectric performance
in MoS2
18 and thin topological insulator19, 0-pi phase
transition in Josephson junctions of silicene20 and Weyl
semi-metal21 etc. are also worth to be mentioned.
Along the same line, several attempts have also been
made to look into the electronic properties of semi-Dirac
material under the influence of either circularly or lin-
early polarized light, in the form of irradiation7,22,23. The
Semi-Dirac materials exhibit quadratic as well as linear
band dispersion along two orthogonal momentum direc-
tions23–25. The lattice structure of this material mimics
the monolayer graphene with two different hopping pa-
rameters t1 and t2, as shown in Fig. 1. This kind of
lattice has been fabricated into the three unit cell slab
of VO2 confined within insulating TiO2. A special in-
terest has been shown to the case of t2 = 2t1 which
FIG. 1. (Color online) The hexagonal lattice geometry of a
semi-Dirac material with different hoping parameters t1 and
t2 is illustrated. In our case, the hopping amplitude between
two nearest zigzag chains is two times stronger than the other
i.e., t2 = 2t1. Two different colors are used to denote differ-
ent strength of hopping parameters. On the other hand, two
different colored bubbles (light red and light green) represent
two sublattices.
manifests the semi-Dirac band dispersion in the vicinity
of single Dirac cone. By using an effective low energy
Hamiltonian, a series of theoretical studies have been
performed like collective excitations (plasmon)26, irradi-
ation effects on electronic bulk band structure7,22, optical
properties23,27, disorder effects28, interaction effects29,
Landau-Zener oscillations30 and Landau level formation
in some specific geometry31 etc.
Unlike the graphene case where external irradiation
can open up a gap1, the Floquet band structure of
the semi-Dirac material remains gapless within high fre-
quency limit as reported in Ref. [22]. On the other hand,
a topological phase transition can take place under the
consideration of a Haldane type mass term in such ma-
terial, as predicted in Ref. [7]. These are the two works
which have recently addressed the issue of how irradia-
tion affects the electronic band structure within the high
frequency approximation.
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2In this article, we study the quantum transport proper-
ties of a semi-Dirac material, exposed to a circularly po-
larized light. By using Floquet scattering matrix formal-
ism32, we compute different scattering amplitudes and
show that the transmission probabilities through differ-
ent Floquet side bands are monotonically increasing with
the strength of the irradiation instead of frequency. Al-
though it was pointed out earlier that the irradiation can-
not open a gap in semi-Dirac material22 within the high
frequency limit, we reveal in our work that beyond this
limit a gap indeed opens up in the Floquet quasi-energy
spectrum for non-zero values of momentum i.e., away
from the Dirac point. Moreover, unlike the graphene case
where the gap parameter is a constant mass term1, it is
not constant in semi-Dirac material. Rather, it depends
on the angular orientation of the momentum. Further-
more, several dips appear in the angle averaged conduc-
tance spectrum which are in fact due to the effect of ir-
radiation originating from the higher order correction to
the Floquet spectrum. The earlier prediction that no gap
appears under the influence of an irradiation within high
frequency limit, is true only for particular angular ori-
entation of momentum which is also confirmed through
non-zero conductance dip at undoped situation. This is
in contrast to the case of graphene where zero conduc-
tance sharp dip appears. This is due to the fact that ex-
ternal irradiation can induce a momentum independent
constant mass term in graphene, which yields a sharp
conductance dip33.
We also show that the zigzag nanoribbon of this ma-
terial, without any irradiation, exhibits a pair of decou-
pled edge modes which is unlikely to appear in monolayer
graphene where edge modes merge into the bulk at two
valleys. However, if the ribbon is exposed to the irradi-
ation these edge modes no longer remain fully separated
from the bulk. Finally, we also carry out the analysis of
conductance behavior through the nanoribbon geometry
of an irradiated semi-Dirac material. We observe similar
conductance dips. However, the overall amplitude of the
conductance remains less sensitive to the location of the
chemical potential, except at the dips. This arises due to
the very slow variation of the number of transverse edge
modes crossing through the chemical potential.
The remainder of the paper is organized as follows. In
Sec. II, we introduce the low energy effective Hamilto-
nian and corresponding band structure with and with-
out the presence of external irradiation. The Floquet
scattering formalism and conductance calculation for the
bulk semi-Dirac material are presented in Sec. III. On the
other hand, the Sec. IV is devoted to the discussion of
band spectrum and conductance features of a nanoribbon
geometry both in absence and presence of the periodic
driving. Finally, we summarize and conclude in Sec. V.
II. MODEL HAMILTONIAN AND BAND
DISPERSION
A. Non-irradiated case
In this subsection, we discuss the basic features of the
band structure when the system is not exposed to the
external irradiation. We begin with the single particle
low energy effective model Hamiltonian, based on the
tight binding model description7,24,25, as
H0 =
p2y
2m∗
σx + vF pxσy , (1)
where the effective mass term m∗ and the velocity vF can
be expressed explicitly in terms of tight-binding model
parameters as vF = 3ta/~ and m∗ = 2~/(3ta2). Here,
a and t = t1 are the lattice constant and one of the
hopping parameters, respectively. The Pauli matrices
σ ≡ {σx, σy} denote pseudo sublattice spin index. The
2D momentum operator is denoted by p ≡ {px, py}. The
FIG. 2. (Color online) Anisotropic energy band dispersion of
a semi-Dirac material is shown for the non-irradiated case.
Here the momentum axes are normalized by k0 = 10
10m−1.
energy band dispersion of this semi-Dirac material can
be obtained as
Ekx,ky = λ
√
(~v
F
kx)2 +
(~2k2y
2m∗
)2
, (2)
where λ = ± is the band index and the 2D momentum
vector is given by k = {kx, ky}. Note that, the energy
dispersion is quadratic along ky direction and linear along
kx direction, justifying the nomenclature of such materi-
als as semi-Dirac material. A contour plot of the band
dispersion is demonstrated in Fig. 2 which indicates the
anisotropic band structure of such material.
B. Irradiated case
This subsection is devoted to address the effect of ir-
radiation on the band structure of the semi-Dirac mate-
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FIG. 3. Floquet quasi energy spectrum is illustrated as a function of k (=
√
k2x + k2y) for three different angular orientation of
momentum θ (= tan−1(ky/kx)): (a) θ = 0 (b) θ = pi/5 and (c) θ = pi/3. The quasi energy and wave vector are in units of ~ω
and l−1ω = ω/vF , respectively. Here, we consider the irradiation strength to be β = 0.3.
rial via the low energy effective Hamiltonian. We con-
sider a time dependent periodic perturbation as irra-
diation under which the dynamics of the charge carri-
ers can be described by the Floquet theory34. This is
analogous to the Bloch’s theorem about the electronic
motion in presence of a space dependent periodic po-
tential. The irradiation is considered to be a circularly
polarized light which can be expressed as a vector po-
tential A = A0[cos(ωt)xˆ + sin(ωt)yˆ]. Here, ω and A0
are the frequency and amplitude of the irradiation, re-
spectively. To include this vector potential into the low
energy effective Hamiltonian, we use the Peiere’s substi-
tution p→ (p+ eA) and obtain the irradiated Hamilto-
nian as
HT = H0 +H1σx +H2σy , (3)
where
H1 = [Fky cos(ωt) +G{1− cos(2ωt)}] . (4)
and
H2 = R sin(ωt) . (5)
with F = eA0/m
∗, G = (eA0/2m∗)2 and R = eA0vF .
To solve the above Hamiltonian, we employ the
Floquet formalism which infers that the system un-
der the time dependent periodic perturbation exhibits
a complete set of solutions of the form Ψ(r, t) =
φ(r, t) exp(−it/~), where |φ(r, t + T )〉 = |φ(r, t)〉 is
the corresponding Floquet states and  is the quasi en-
ergy34. Here, T is the periodicity of the perturba-
tion. Now, we can directly substitute the Floquet eigen
states into the time dependent Schro¨dinger equation
and obtain a time independent Schro¨dinger type equa-
tion HˆFφ(r, t) = φ(r, t) with the Floquet Hamiltonian
HˆF = Hˆ0 − i~(∂/∂t). The Floquet eigen states can be
further expressed in the Fourier expansion as34
φ(r, t) =
∑
n
φn(r, t)e
inωt . (6)
where n denotes the Floquet modes or side bands. Here-
after, we discuss the Floquet band structure of the irra-
diated semi-Dirac materials in two different regimes of
frequency, ω.
1. High frequency limit:
Here, we briefly review the band structure of the semi-
Dirac material within the high frequency limit which has
been previously considered in Ref. [22]. In this limit,
the irradiated Hamiltonian can be recast to an effective
Hamiltonian as22
Heff ' H0 + [H−1, H+1]~ω . (7)
where the second term arises due to the irradiation and
Hm =
1
T
∫ T
0
dte−imωtH(t) . (8)
with H+1 = H
†
−1 = (Fkyσx − iRσy)/2. Incorporating
these terms in Eq.(7), the effective Hamiltonian can be
found to acquire a direction dependent mass term as
−η[(eA0)2vF ky/(m∗~ω)]σz with η = +(−) denotes left
(right) circularly polarized light. The corresponding en-
ergy eigen value can be subsequently written as
 = ±
√(
k2y
2m∗
)2
+ (~vF kx)2 +
(
η
e2A20vF ky
m∗~ω
)2
. (9)
Note that, the mass term vanishes at ky = 0. i.e., ir-
radiation cannot open up a gap in the Floquet band
structure. This was in fact the main claim of Ref. [22].
However, we emphasize here that a higher order term
(G = [eA0/2m
∗]2) in the total irradiated Hamiltonian
has been ignored.
Note that the high frequency results, discussed in
Ref. [7], is presented for a photoinduced vector field of
the form A = A0[sin(ωt), sin(ωt+ φ)]. To recover the re-
sult of circularly polarized light, one need to set φ = pi/2.
42. Beyond the high frequency limit:
In this subsection, we investigate the full band struc-
ture of the semi-Dirac material beyond the high fre-
quency approximation. Using the Fourier expansion of
Floquet modes, we can write the time-independent eigen
value problem as∑
n′
HF,nn′φn =
∑
n′
[H0F,nn′ + VF,nn′ ]φn = φn . (10)
where the diagonal part of the Floquet Hamiltonian can
be defined as
H0F,nn′ =
[
p2y
2m?
σx + vF pxσy − µ+ n′~ω
]
δnn′ . (11)
and the irradiation induced coupling Hamiltonian be-
tween different Floquet side-bands can be written as
VF,nn′= [H+1δn,n′−1 +H−1δn,n′+1]
+[H+2δn,n′−2 +H−2δn,n′+2] . (12)
Here, H+2 = H
†
−2 = (eA0)
2/4m∗. Note that, to di-
agonalize the Floquet eigen value problem, we need to
set a cut-off to the dimension of the Floquet space.
For example, if we impose the cut-off to the Floquet
side band at N , then the size of the matrix becomes
2(2N + 1)× 2(2N + 1) dimensional including the sublat-
tice degree of freedom 2. In our present case, we con-
sider n = 2 for the analysis of quasi-energy and trans-
port properties. This is a valid approximation, as the
higher side-bands cause vanishingly small contribution
to the transport. We show the quasi energy band spec-
trum in Fig. 3 as a function of momentum k =
√
k2x + k
2
y
(kx = k cos θ, ky = k sin θ) for three different angular ori-
entation of momentum θ = arctan(ky/kx), which is ob-
tained by numerically diagonalizing the Floquet Hamil-
tonian HF,nn′ (see Eq.(10)). Also note that, the eigen
value equation [Eq.(10)] is normalized by ~ω in order to
diagonalize the Hamiltonian. This introduces two new
parameters: β = evFA0/~ω defining the strength of the
irradiation and a length scale lω = vF /ω. A finite value of
β is required for gap opening in the spectrum. The quasi
energy spectrum is gapless for θ = 0, whereas a finite gap
appears for θ 6= 0. However, note that even for θ 6= 0, gap
opening does not occur at  = 0 for k = 0 (Dirac point).
This was also predicted earlier via high frequency approx-
imation22. Another noticeable point here is that unlike
the case of irradiated monolayer graphene33 where gap
opening occurs at the momentum values k = ±jω/2vF
(j = 1, 2, 3..), here in semi-Dirac materials it depends on
the angular orientation of the momentum.
We would like to emphasize that the numerical results
for the Floquet band structure (in the intermediate fre-
quency regime), presented in Fig. 3, manifest that no gap
opens at k = 0 which was also predicted via the high fre-
quency approximation in Ref. [22]. However, note that
the gap opening away from the Dirac point and other
dynamical gaps which appear at  = ±~ω/2, cannot be
captured via the high frequency approximation.
III. METHODOLOGY AND NUMERICAL
RESULTS FOR THE BULK TRANSPORT
In this section, we discuss the quantum transport prop-
erties through the irradiated bulk region of the semi-
Dirac material by using Floquet scattering matrix for-
malism32. The relevant geometry is schematically de-
picted in Fig. 4. The set up is composed of three differ-
ent regions in which left and right regions are protected
from the exposure of irradiation by placing a cover on
it (as shown by grey color) while the middle region is
illuminated by circularly polarized light.
FIG. 4. (Color online) A schematic sketch of the device, com-
posed of a semi-Dirac material, is demonstrated in the upper
panel and scattering mechanism is shown in the lower panel
of the figure. The central region of the above device is illu-
minated by circularly polarized light. The central region is
attached to two reservoirs (x = 0 and x = L) which are also
comprised of the semi-Dirac material. The left and right re-
gions are protected from any kind of effects of irradiation by
placing a wall (grey color) on it.
A. Solving scattering problem using Floquet
method
In order to solve the scattering problem, we employ
the approach prescribed in Ref. [32] which is very recently
employed in graphene33. The non-irradiated left region is
doped in such way that the chemical potential matches
with the zeroth (n = 0) Floquet side band inside the
central irradiated region33. In such case, the incoming
electron from the left region will be scattered inelastically
among different Floquet side-bands inside the irradiated
region by absorption/emission of photon process (see the
lower panel of Fig. 4). Subsequently, the reflection and
5transmission processes will occur from all Floquet bands.
To proceed further, we need to obtain the Floquet states
and momenta (kx) of electrons scattered from each side
band, for a particular ky. To obtain that, we multiply σy
from the left side in Eq.(10) and rearranging it we get∑
n
(Q0F,nn′ +QV F,nn′)φn = ~vF kxφn . (13)
where
Q0F,nn′ = σy
[
(µ− n′~ω)− p
2
y
2m∗
σx
]
δnn′ , (14)
and
QV,nn′ = −σy
2
(Fkyσx − iRσy)(δn,n′−1 + δn,n′+1) . (15)
The numerical diagonalization of Eq. (13) yields 2(2N +
1) values of kνx and eigen vectors φ
ν
n with ν being the
index of different eigen modes. Here, we set the quasi
energy at  = 0 which corresponds to the incident elec-
tron at the chemical potential of the left normal lead.
The wave function for a given ν can be expressed as
φν(x, t) ∼ eikνxx
N∑
n=−N
φνne
−inωt . (16)
which is a two component vectors composed of two sub-
lattices. Note that, the momentum (kνx) can be real or
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FIG. 5. (Color online) The behavior of transmission prob-
abilities through different Floquet side bands are illustrated
as a function of angle of incidence in the left normal region
(non-irradiated).
imaginary depending on the location of the chemical po-
tential in the left region. The imaginary momentum cor-
responds to the situation when the chemical potential lies
inside the gap. This leads to the emergence of evanescent
mode. On the other hand, the spectrum in the left/right
non-irradiated region can be obtained in similar fashion
but with zero strength of the irradiation as those regions
are assumed to be free from the external light. However,
the electrons which are scattered from the irradiated cen-
tral region to the normal regions via different fictitious
Floquet side-bands of the normal regions, are governed
by the following eigen value equation[
p2y
2m∗
σx + vF pxσy
]
φn = [(θ)− n~ω]φn . (17)
As the side bands are decoupled from each other in the
normal regions due to the absence of irradiation, the mo-
mentum of the scattered electrons in each artificial side
band remains identical. Furthermore, the wave function
of the incident as well as the reflected/transmitted elec-
trons are given by
φn,λ(x) =
1√
2
[
λ
ie−iθ˜
]
eikxx , (18)
where tan θ˜ = [~k/(2m∗v
F
)] tan θ sec θ with θ =
tan−1(ky/kx). After substituting the tight-binding
model parameters7 for mass and Fermi velocity as
m∗ = 2~/(av
F
) and v
F
= 3ta/~, we obtain tan θ˜ =
k˜ tan θ/(4 cos θ) with k˜ = ka.
B. Boundary conditions at the interfaces
To solve the scattering problem we match the wave
functions at the two interfaces x = 0 and x = L. Here,
L is the length of the irradiated region. We assume that
the electron is incident only from the n = 0 Floquet band
of the left non-irradiated region and after encountering
inelastic scattering processes inside the irradiated region,
it is either reflected or transmitted through all possible
virtual Floquet side bands. Thus, there will be (2N + 1)
reflected channels in the left region in which the wave
function is given by
ΨL(x, t) =
[
φie
ikxx +
N∑
n=−N
rn0φre
−i(kxx+nωt)
]
e−it ,
(19)
where the Floquet coefficients of the incident and re-
flected waves are φi =
[
λ
ie−iθ˜
]
and φr =
[
λ
ie−iθ˜r
]
respectively. Here, tan θ˜r = tan θ˜ (θ ⇒ pi − θ). The
reflection amplitude corresponding to the n-th Floquet
band is denoted by rn0. The Floquet eigen states inside
the irradiated region can be written as
ΨI(x, t) =
∑
ν
aνφ
ν(x, t)e−it
=
[∑
ν
aνe
ikνxx
N∑
n=−N
φνne
−inωt
]
e−it .(20)
On the other hand, the wave function in the right non-
irradiated region is composed of only transmitted waves
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FIG. 6. (Color online) Conductance of the periodically driven bulk semi-Dirac material is demonstrated as a function of chemical
potential for (a) L = 50 (b) L = 100. Here, the length and the chemical potential of the irradiated region is normalized by
lw = v/ω and ~ω, respectively.
and can be written as
ΨR(x, t) =
{
N∑
n=−N
tn0φre
i[kx(x−L)+nωt]
}
e−it . (21)
Here, tn0 represents the transmission amplitude via n-th
band into the right normal region. The reflection and
transmission amplitudes can be evaluated by matching
the wave functions at the two interfaces which yields a
set of linear equations as
φiδn0 + rn0φr =
∑
ν
aνφ
ν
n , (22)
and ∑
ν
aνφ
ν
ne
ikνxL = tn0φt . (23)
where φt = φi.
C. Scattering amplitudes and Conductance
In this subsection, we present the numerical results
for ballistic transport through the irradiated semi-Dirac
material for different strengths of driving. As mentioned
earlier, we assume that the chemical potential in the left
lead is set at such a position that the electrons can only
be incident from the virtual n = 0 Floquet band of the
left lead and subsequently after entering into the irradi-
ated region it encounters scattering into different Floquet
bands via the inelastic scattering processes (absorption
and emission). The reflection and transmission probabil-
ities for a particular angle of incidence and energy of the
incident electron are the sum over all reflection and trans-
mission amplitudes via different Floquet bands. This can
be written as
T (θ, µ) =
n=N∑
n=−N
|tn0(θ, µ)|2 , (24)
and
R(θ, µ) =
n=N∑
n=−N
|rn0(θ, µ)|2 , (25)
which satisfies the unitarity condition as R(θ)+T (θ) = 1.
Once the transmission amplitudes are evaluated, one can
readily employ the Landauer-Buttiker formula to obtain
the conductance by averaging over all possible angle of
incidence as
G =
e2
h
∫ pi/2
−pi/2
N∑
n=−N
dθ|tn(θ, µ)|2 . (26)
We present the behavior of transmission probabilities
via different Floquet side bands in Fig. 5. Here, the inci-
dent electron is considered to be from the zeroth Floquet
band (n = 0) of the non-irradiated left lead. We consider
three Floquet side bands inside the central irradiated re-
gion which is sufficient to preserve the probability con-
servation. The transmission probability via n = 1 side
band is shown for different strengths of irradiation β (see
Fig. 5). Note that, β couples the two nearest side bands
for which the transmission probability increases via n = 1
side band as we enhance β. This happens due to one pho-
ton absorption process. As a result, this reduces the same
in n = 0 side band. The incident electron from the left
lead at n = 0 band can be transmitted/reflected through
the same band n = 0 which we call intra-band scattering
whereas transmission/reflection through n = 1 side band
is termed as inter-side band scattering. The intra-band
transmission probability can be 100% at normal angle of
incidence (θ = 0) for β = 0 due to the Klein tunneling.
However, with the increase of β the Klein process be-
comes suppressed resulting in enhancement of inter-band
transmission probability. The reason can be attributed
to the fact that, as the amplitude of the irradiation in-
creases, the coupling strength between the two nearest
7Floquet side bands increases resulting in enhancement of
the inter-band transmission probability.
The driven conductance of the bulk semi-Dirac ma-
terial is demonstrated in Fig. 9. Here we use Eq.(26)
to compute the conductance for two different lengths
of the irradiated region. In Fig. 9(a), the conductance
is shown for different strengths of the periodic driving
around chemical potential µ = 0 and ~ω/2. These cor-
respond to the gaps opening of the band dispersion, as
shown in Fig. 3. Note that, although the Floquet spec-
trum is gapless at k = 0 which is even confirmed in
Ref. [22] within the high frequency approximation, the
band gap indeed appears for other values of k (away from
the Dirac point) which yields a dip in the angle averaged
conductance at µ = 0. We would like to emphasize here
that in case of graphene33, the location of gap appears to
be at k = ±vF /ω. On the contrary, in semi-Dirac mate-
rial it depends on the angular orientation of the momen-
tum as shown in Fig. 3. Some other conductance dips
also arise at µ = ~ω/2 which correspond to the dynami-
cal gap between two Floquet side bands. The qualitative
features of the driven angle averaged conductance remain
similar as we choose a different length of the central irra-
diated region (see Fig. 9(b)). However, the conductance
dips become more deeper due to enhanced probability of
Floquet sub-band scattering as the length of the central
region increases.
Note that, the irradiation (circularly polarized light)
can open-up a gap in graphene33 at k = 0 (Dirac point)
which does not depend on angular orientation of momen-
tum. This can result in rectangular shaped sharp con-
ductance dips with almost zero values under the suitable
strength of irradiation. On the other hand, the driven
semi-Dirac material may not acquire a gap at k = 0, in
the n = 0 band. However, the conductance dips still ap-
pear due to the gap opening at other k values away from
zero. Although, the conductance cannot be exactly zero
in this case at µ = 0 as the semi-Dirac material still is
metallic at k = 0. Neverthless, around the dynamical
gap µ = ±~ω/2,±~ω, the dips appear due to the gap
opening between two nearest side bands.
IV. BAND DISPERSION AND TRANSPORT
THROUGH A NANORIBBON GEOMETRY OF
SEMI-DIRAC MATERIAL
In this section, we address the electronic and transport
properties of this material for the nanoribbon geometry
in presence of periodic driving. However, our discussion
for the nanoribbon is restricted to zigzag case only due to
its unique features over armchair one, as demonstrated
in case of graphene9.
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FIG. 7. (Color online) Energy band dispersion of a semi-
Dirac material based ZNR is demonstrated. The width of the
ribbon is considered as N = 20.
A. Non-irradiated ribbon:
In order to find the energy band dispersion of a zigzag
nanoribbon of semi-Dirac material, an effective difference
equation can be constructed by employing an analogy to
the case of an infinite one-dimensional chain35,36. To
implement this, the nanoribbon can be considered as the
composition of an array of the vertical rectangular unit
cells (supercells). The width of the zigzag nanoribbon
(ZNR) is determined by the number of atoms N per unit
cell. The effective difference equation of the ZNR takes
the form as
(EI − E)ψl = T ψl+1 + T †ψl−1 , (27)
where
E =
∑
α
∑
〈i,j〉
tαc
†
i,αcj,α + h.c , (28)
is the on-site energy matrix with α = 1, 2, 3 and
ψl =

ψl,1
ψl,2
...
ψl,N
 , (29)
Here, T is the nearest-neighbor hopping matrices of the
unit cells. The vertical supercell36 is denoted by the l in-
dex and I represents the unit matrix being of dimension
N ×N . The zigzag chain of the ribbon is translationally
invariant along the x-direction, which yields the momen-
tum (kx) along this direction to be conserved and acts as
a good quantum number. Finally, following the Bloch’s
theorem the total Hamiltonian of the zigzag nanoribbon
can be expressed as
(EI − E) = T eikxa + T †e−ikxa . (30)
8where a is the unit cell separation. Here, T and T † de-
scribe the coupling of a unit cell with the right and left
adjacent supercells, respectively. The above equation can
be solved numerically to obtain the energy dispersion of
the nanoribbon.
FIG. 8. Schematic of the three nearest neighbors, denoted by
2, 3 and 4, are connected to 1.
The energy band dispersion of the ZNR, based on the
semi-Dirac material, is shown in Fig. 7. This indicates
that the band dispersion exhibits a pair of edge modes
which are fully separated from the bulk. This is in con-
trast to the case of ZNR based on monolayer graphene37
or silicene36 where the edge modes are coupled to the
bulk at the two valleys. Moreover, unlike the graphene,
ZNR of the semi-Dirac material possesses a sufficient gap
(> 1.5t1) which can be attributed to the presence of un-
equal hopping parameters in the lattice structure.
Note that, the appearance of edge modes in Fig. 7
exhibit quite similar nature as in the case of graphene
nanoribbon. In both the materials, semi-Dirac and
graphene, the edge modes are strongly dependent on the
edge geometry/commensurability of the lattice. Apart
from this, in both the materials the bulk is always gap-
less and these edge modes are not protected against the
presence of disorder etc. Hence, they don’t have a topo-
logical character.
Moreover, we would like to reveal how the band struc-
ture as well as the conductance regain the properties of
graphene with the variation of t2 from 2t1 to t1 via 1.5t1.
The corresponding conductances are evaluated numeri-
cally by using standard recursive Green’s function for-
malism35,36 which is given by
G =
e2
h
Tr[ΓL(E)G
†
DΓR(E)GD(E)] , (31)
where ΓL/R(E) = i[ΣL/R(E)− Σ†L/R(E)] with ΣL/R(E)
is the self energy of the left (right) lead. Hence,
GD = 1/[E − E − ΣL − ΣR] . (32)
Here, E is the on-site Hamiltonian matrix (see Eq.(28)).
The band dispersion and corresponding conductances
are demonstrated in Fig. 9 for three different cases.
This exhibits smooth transmutation from semi-Dirac to
graphene via t2 = 1.5t1. It also highlights how two
valleys evolve from single valley i.e., from semi-Dirac
to graphene and how conductance plateaus change from
t2 = 2t1 to t2 = t1 case. Note that the conductance (in
units of e2/h) corresponding to the edge modes in semi-
Dirac material is clearly separated from the bulk conduc-
tance as shown in Fig. 9(a). This feature confirms the
complete isolation of the edge modes from the bulk. An-
other noticeable point here is that the conductane steps
are not increasing in ascending order due to the peculier
nature of the band structure. On the other hand, in
graphene, it increases regular stepwise corresponding to
each transverse mode (see Fig. 9(c)).
B. Irradiated ribbon
In this subsection, we include the effect of irradiation
in the band structure of the semi-Dirac material based
ZNR. To obtain the band dispersion we diagonalize the
following Floquet tight-binding Hamiltonian as
HF =
[(
E˜ + T˜F eikxa + T˜ †F e−ikxa
)
N×N
− n~ωIδn,n′
]
N×n
.
(33)
in the Floquet extended space. The size of the Floquet
Hamiltonian is N × n where n denotes the Floque repli-
cas (side bands), representing different number of pho-
tons. The above Hamiltonian is a block matrix where
each block is of N × N dimension. The Floquet on-site
energy is now denoted by E˜ . The effect of irradiation
on the band structure can be included by modifying the
hoping parameters between ith and jth sublattice as
tij = tij exp
[
i
2pi
φ0
∫ rj
ri
A(t).dr
]
. (34)
After integrating out the time part, the three nearest
neighbor hopping parameters that are left, can be written
as
t12 = t1e
impi/6J−m(−z) , (35)
t13 = t1e
i5mpi/6J−m(z) , (36)
and
t14 = t2e
−impi/2J−m(−z) . (37)
Here, Jm(z) represents the Bessel function of the first
kind of order m(= n − n′). The schematic of the three
nearest neighbor hopping parameters, between i and j
with i = 1 and j = 2, 3, 4, is shown in Fig. 8. The
above mentioned emergent hopping parameters are taken
into account in Eq.(33) in order to numerically diago-
nalize it in the extended Floquet space. The quasi en-
ergy band dispersion is obtained numerically and de-
picted in Fig. 10. Here, the dimensionless parameter
z = 2piA0a/φ0 denotes the strength of periodic driving
with φ0 being the magnetic flux quanta. In our analysis,
the number of Floquet replicas (side bands) are consid-
ered to be n = 2. This is sufficient to capture the relevant
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FIG. 9. (Color online) Band dispersion and conductance are illustrated for there cases (a) t2 = 2t1 (semi-Dirac) (b) t2 = 1.5t1
(c) t2 = t1 (graphene).
features of the band structure. Any further enhance-
ment of the number of side bands only assembles more
quasi energy modes without producing any new qualita-
tive features to the band structure. Unlike the case of
non-irradiated band structure of ZNR (see Fig 7), the
edge modes (sky blue lines) in the irradiated case are
not fully separated from the bulk. Also the dynamical
band gap, at ~ω/2, appears to be vanishingly small (see
Fig. 10(a)). Moreover, the band gap can be further re-
duced to be almost zero if we increase the amplitude of
the irradiation, as shown in Fig. 10(b). Hence, one can
infer that by applying external periodic driving the de-
coupled edge modes can be enforced to couple the bulk
in semi-Dirac material. Note that, in graphene nanorib-
bon, the irradiation (circularly polarized light) can give
rise to topological chiral Floquet edge modes9 around the
dynamical gap at ~ω/2. However, such feature is absent
in case of semi-Dirac ZNR. The reason can be attributed
to the fact that circularly polarized light can open up
a gap into the bulk of graphene, but not in semi-Dirac
material (k = 0 point is always gapless). Hence, Flo-
quet edge modes in semi-Dirac material do not seem to
have a topological character. Nevertheless, we also check
that by setting t2 = t1, the chiral Floquet edge modes of
graphene can be recovered similar to the non-irradiated
case.
We also explore the transport signature of the ZNR
geometry. To obtain the conductance, we extend the for-
malism used for the bulk by taking into account the quan-
tized transverse wave vector, determined by the width
of the ribbon as ky = npi/W with n = 1, 2, 3.. being
the number of transverse edge modes. Note that, in
this method the edge modes cannot be captured, rather
mostly transverse modes reside inside the bulk. This
approximate method is already implemented in case of
graphene33. In our case, as the edge modes are not chi-
ral in nature, we use the same formalism as used for the
bulk instead of the formalism described in Refs. [38 and
39]. The conductance for the ZNR is shown in Fig. 11.
The behavior of the conductance exhibits the dips at
µ = 0 and ±~ω/2. This is quite similar to the case of
the bulk semi-Dirac material. However, the conductance
varies very slowly with chemical potential except at the
locations of the dips. In our numerical analysis, we con-
sider the number of transverse edge modes to be n = 50
for which conductance remains weakly oscillatory around
50e2/h. A more careful analysis of the conductance for
semi-Dirac ZNR geometry, based on Floquet-Landauer
Green’s function approach38,39 is beyond the scope of the
present work and will be presented elsewhere.
V. SUMMARY AND CONCLUSIONS
In our work, we investigate the electronic and trans-
port properties of an irradiated semi-Dirac material.
We consider the irradiation in the form of a circularly
polarized light. We present our results for the semi-
Dirac material in comparison to the irradiated monolayer
graphene. The irradiation is unable to open up a gap
in the Floquet spectrum of semi-Dirac material within
the high frequency approximation22. However, beyond
this approximation, a full band dispersion analysis re-
veals that the band gap indeed appears for higher values
of the momentum and between two nearest Floquet side
bands. Such appearance of the band gap in the quasi
energy spectrum can also be probed via the signature of
the conductance spectrum. The latter manifests several
dips around the gaps. We also observe that the band gap
opening is strongly dependent on the angular orientation
of momentum due to the anisotropic band structure of
the semi-Dirac material. We also explore the band struc-
ture of nanoribbon geometry comprised of such material
and show some distinct features in comparison to the
manolayer graphene nanoribbon. The ZNR of the semi-
Dirac material hosts a pair of edge modes which are fully
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FIG. 10. Quasi energy band dispersion of the irradiated semi-Dirac ZNR geometry is illustrated for (a) z = 0.03 (b) z = 0.05.
Here z = 2piaccA0/φ0 describes the strength of the external periodic driving. The width of each supercell is given by N = 600
and ~ω = 0.2t1.
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FIG. 11. (Color online) The conductance spectrum of the
ZNR geometry is demonstrated as a function of the chemical
potential µ for various strengths of irradiation.
detached from the bulk. Also, they smoothly transmute
to the graphene edge modes when the two hopping pa-
rameters t1 and t2 become equal. Furthermore, in pres-
ence of an external irradiation, ZNR of such material
does not host topologically protected Floquet chiral edge
modes like graphene. Moreover, the edge modes become
coupled to the bulk and the dynamical band gap in the
Floquet spectrum begins to disappear with the increase
of the strength of the periodic drive. Finally, we also
explore the possible features of the conductance of the
irradiated ZNR based on semi-Dirac material. The con-
ductance exhibits similar dips around the same locations
of the chemical potential as in the bulk except the am-
plitude mismatch due to the presence of finite number of
channels.
Finally, we discuss the experimental feasibility of trans-
port measurement in an externally irradiated semi-Dirac
material. As the transport (current) measurement of an
irradiated topological insulator thin film has been suc-
cessfully performed12, we expect that the conductance
dips may also be observed in semi-Dirac material via the
two-terminal measurement. In practical situation, the
chemical potential (carrier density) in Dirac/semi-Dirac
material can be tuned by applying external gate voltage
in the non-irradiated region. Then, if one is able to mea-
sure the two-terminal conductance of our set-up, then
the dips that appear in our angle averaged conductance
spectrum can be an indirect signature of the gapped re-
gion. However, in experiment, one may have to encounter
the presence of disorder or a small deviation from the
perfect circularly polarized light. Nevertheless, it has
been recently reported in another hexagonal 2D lattice
that disorder causes an overall suppression to the con-
ductance17 and it cannot destroy the conductance dips.
On the other hand, the elliptical polarized light does not
cause significant changes in the results of circularly po-
larized light12,17.
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